2005 Trial HSC Extension 1 Mathematics

Question 1

S i

0 9—x2

(a) Evaluate J

(b) Expand (x +3)*

(c) Differentiate x% cos 13x

(d) Find the remainder when the polynomial P(x)=x’ —4x+2 is divided by x +4

(e) Sketch the curve y = x> —4x and hence solve x> —4x >0

2
e
(e) Use the substitution u = log, x to find the exact value of J —-l—dx

. Xlogex

(Marks)

2)

2

)

)

2

€)



2005 Trial HSC Extension 1 Mathematics
(Marks)
Question 2
Start a new page
(a) Sketch y =3sin~' 2x. Your graph must clearly indicate the domain and range. (2)
(b)
O is the centre of the circle.
AB is a tangent to the circle, touching
the circle at B.
ZCBA = 65°
Find x, giving reasons
)
(c) The polynomial P(x)=x’ —2x” + kx + 24 has roots a, B, 7.
(i) Find the value of a + B +y (1)
(i1) Find the value of afy (D)
(iii) It is known that two of the roots are equal in magnitude but opposite in sign.
Find the third root and hence find the value of £ 2)
(d) G) If f(x)=e**?, find the inverse function f~'(x) ()
(ii)/(bn the same axes, sketch the graphs of y = f(x) and y = f'(x) 2)
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Question 3
Start a new page
(a) Find the term independent of x in the binomial expansion of (2x — —12—)6 (2)

(b) The point A (2ap.—ap’) is a variable point on the parabola x* = —4ay. The tangent at A meets
the y axis at B. The point C lies on the tangent and divides AB externally in the ratio 3 : 1

/ry
C
B \
A X
0 .
A (2ap, - ap”)
.x2 = 4ay
(i) Show that the equation of the tangent at A is px + y = ap’ (2)
(i1) Find the coordinates of the points B and C 3)
(i11) Show that the locus of C is a parabola (D)
(c)
(i) Show that the function f(x)= xe® —1 has a zero between x =0 and x =1 (1)

(it) Using x = 0.5 as a first approximation, use Newton’s Method once to obtain a second
approximation to the zero correct to 3 significant figures. 3)
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Question 4
Start a new page
(a) Solve sin29 =sin ¢ for0 <8<2x 2)
(b) Find the exact value of
/4
F sin? 2x dx 3)
0

(c) Atany time ¢/, the rate of cooling of the temperature T of a body is given by

dT
—=—k(T-S
” (T -S5)

where S is the temperature of the surroundings and k is a constant.
. : —kt - . dar .
(1) Verifythat T =S+ 4Ae™™ is a solution of Y =—k(T —S) where 4 is a constant

(i) A cup of hot tea cooled from 100°C to 70°C in 10 minutes in a room where the
temperature was 20°C. Find the values of 4 and k

rove by mathematical induction that
11x2!+ 193!+ 29x% 4[+ et (n2 +5n+5)n+Dl=(n+4)(n+2)-8

forn=123...
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Question 5
Start a new page
(a) Find the acute angle between the lines 2x+y =4 and x —y = 2.
Answer to the nearest degree. )

P

The diagram above shows a circle C. The points 4, B, D and T lie on C and the point P is an
exterior point.

PTis atangent to C at T. The line AT is parallel to the line BP and point D lies on BP. The lines
AD and BT intersect at M.

Copy or trace the diagram onto your page.
(i) Prove that APTB is similar to ABAT 3)

(i1) Show that AB = DT 2)

(b) A particle is moving in a straight line with acceleration given by

d’x

— = 9(x-2)

dt
where x is the displacement in metres from an origin O after ¢ seconds. Initially, the particle
is 4 metres to the right of O so that x =4 and has velocity v=-6

(i) Show that v? =9(x —2)? 2)

(it) Find an expression for v and hence find x as a function of 7. 3)
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Question 6
Start a new page
(a) The circle x* + y* =100 is rotated about the y axis from y=10toy=10-a.
10
Use V =7 LO (100 - y%)dy to show that the volume, V,is V = i;-az(:so-a)
-a
3)
(b)
The volume of water in a hemispherical bowl of radius 10cm is given by V = %xz (30—x)
where xcm is the depth of the water at any time ¢.
The bowl is being filled at a constant rate of 277 cm° / min
At what rate is the depth increasing when the depth is 2cm? (3)
(c) A particle moves in a straight line and its position at time ¢ seconds is given by
.t t
X =+/3sin—+cos—
2 2
. . .t t . .1 /4
(i) Write V3 sin 5 + COSE in the form R sin (5 +a) where R>0 and 0<a < By (2)
(i1) Hence prove that the particle is moving in simple harmonic motion about x = 0. )
(iii) For 0 < ¢ <4z, when is the speed of the particle equal to 0.5ms™. 2)
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Question 7
Start a new page
(a) Evaluate  lim sin 6x (D
x—0  5x

(b) A football is kicked at an angle of a to the horizontal. The position of the ball at time ¢ seconds
is given by

X =vIicosa
. 1 5
y=visma - ~2~gt

where g m/s” is the acceleration due to gravity and v m/s is the initial velocity of projection. (You
are NOT required to derive these.)

(i) Show that the equation of the path of the ball is )
gx2
=xtana —S-sec’ a.
7 2v?
(i1) Show that the maximum height 4 reached is given by 3)
. v’ sin’ a
2g
(ii1) Hence show that y = x tan a(1 — xtjza) . 2)

(iv)If g = 10 m/s?, a = 30° and the ball just clears the head of a player 1.6m tall and 10m away,
calculate the maximum height reached by the ball. 2)

(c) The real number x is a solution of the equation x2 —x —1=0. Use the Binomial

Theorem to show that the sum S of the series 1+ x + x2 + ...+ x2n—1 is given by

n
S:chrxr+l (2)
r=l1

END OF PAPER
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